Abstract -A singularly perturbed convection-diffusion problem with a concentrated source is considered. The problem is solved numerically using two upwind difference schemes on general meshes. We prove convergence, uniformly with respect to the perturbation parameter, in the discrete maximum norm on Shishkin and Bakhvalov meshes. Numerical experiments complement our theoretical results.
Introduction
We consider the convection-diffusion problem with a concentrated source: The solution u typically has an exponential boundary layer at the outflow boundary x = 0 and an internal layer at x = d caused by the concentrated source or the discontinuity of the convective field. Figure 1 depicts a typical solution of (1.1).
While there is a vast literature dealing with convection-diffusion problems of type (1.1) with smooth right-hand side-see, e. g., [12] or the forthcoming review paper [10] -we are aware of only a handful of papers where discontinuous right-hand sides are discussed. In [6] the authors study a problem with a weak interior layer, while in [7] the same authors establish almost first-order convergence of a simple upwind scheme on a Shishkin mesh for a problem with a strong interior layer caused by a discontinuity with a sign change of the convection coefficient. Their analysis is based on a traditional truncation error and barrier function technique. A similar problem is considered by Braianov and Vulkov [5] who use the ( ∞ , 1 ) stability of the discrete operator first established in [3] to analyze a modified Samarskii scheme on Shishkin meshes and on Bakhvalov meshes. Roos and Zarin [13] consider the streamline diffusion FEM for the discretization of a problem with a point source on a Shishkin mesh and on a Bakhvalov-Shishkin mesh.
Here, we shall study two upwind difference schemes for the numerical solution of (1.1). Our main goal is to demonstrate that the technique from [9] , which is based on a strong negative-norm stability first proved by Andreev and Kopteva [2] , can be used to derive fairly general error bounds for problems with interior layers caused by point sources or discontinuous convection coefficients. In contrast to the aforementioned papers we require less regularity of the solution: second-order derivatives of u for the first-order scheme and third-order derivatives of u for the second-order scheme. Moreover, no decomposition of u into regular and layer parts is needed.
An outline of the paper is as follows. In the next section we derive bounds for the derivatives of the solution of (1.1). In Section 3 we introduce and study the convergence of two finite difference schemes for the numerical treatment of (1.1) on general meshes. These results are applied to two standard layer-adapted meshes in Section 4. Finally, the results of test computations are presented in Section 5.
Notation. Throughout the paper, C denotes a generic positive constant that is independent of ε and of the number N of mesh points. Also, we set g i = g(x i ) for any function g ∈ C[0, 1] and g i±0 = g(x i ± 0) for the one-sided limits.
For simplicity, we restrict ourselves to linear problems with a single point source. The results can be extended to quasilinear problems
with b u β > 0, c u 0 and multiple points of discontinuity/concentrated sources at the points d i ∈ (0, 1), i = 1, . . . , m. This is easily done using the linearization technique from [9] .
Properties of the exact solution
To derive bounds on the solution u of (1.1) and its derivatives we use from [1] the fact that
Thus,
We now derive bounds for the derivatives of u.
From (2.1) we have | | C. Therefore, we can apply the results of Kellogg and Tsan [8] to get
where the maximal order q depends on the smoothness of b, c and f on (0, d). On the other hand, on (d, 1) we can interpret u as the solution of the boundary value problem
and get
Combining the two results, we get
where H d denotes the shifted Heaviside function, i. e.,
Discretization
We shall study two upwind finite difference schemes for the numerical solution of (1.1) on arbitrary meshes: a simple first-order scheme and a second-order scheme that may be regarded as a version of the streamline-diffusion FEM with inexact integration. Let ω : 0 = x 0 < x 1 < · · · < x N = 1 denote the mesh with local mesh-step sizes
First-order scheme
We introduce the simple upwind-difference operator
Then our discretization is: Find U ∈ IR
where
is an approximation of the shifted Dirac-delta function.
For our error analysis we shall use the following stability property enjoyed by the discrete operator L 1 :
For a proof the reader is referred to [1] , [2] or [9] .
We seek error bounds in the discrete maximum norm u − U ∞,ω . Because of (3.2) it is sufficient to derive bounds for the truncation error L 1 (u − U ) * .
Summing (3.1), we obtain
while for L 1 u we get
Integrating (1.1), we obtain
This is substituted into (3.3):
with g = f − cu. We apply (3.2) in order to get
Using standard techniques, we get
Combine the last three inequalities and use our a priori bounds (2.2) for the derivatives of u. We obtain
Theorem 3.1. Let u be the solution of (1.1) and U that of the difference equation (3.1). Then
u − U ∞,ω C max i=1,...,N x i x i−1 1 + ε −1 exp − β 1 x ε + H d (x) exp − β 2 (x − d) ε dx.
Second-order scheme
We now consider a second-order stabilized scheme that may be regarded as a version of the streamline-diffusion FEM with inexact integration or as a combination of a central difference scheme and the midpoint-upwind scheme [15] .
0 be an arbitrary vector. It determines the blending of the central difference scheme (σ ≡ 1 2 ) and the midpoint-upwind scheme (σ ≡ 1). We introduce further notation in addition to that of the preceding section. Set
This averaged g is defined such that h σ,i [Ag] i is a second-order approximation of
We define the difference operator L 2 by
Then our discretization is: Find
We choose σ such that
This choice ensures that the scheme is both inverse monotone and of second order.
If the maximal step size h := max i=1,...,N h i is smaller than some threshold value that depends on b and c only, then the operator L 2 satisfies a stability inequality similar to (3.2):
see [9] . Using this stability property and our a priori bounds (2.2) for the derivatives of u, we may conduct an error analysis along the lines of [9, Section 3.2], where the terms arising from the approximation of the Dirac-delta function are handled as in Section 3.1. We get Theorem 3.2. Let u be the solution of (1.1) and U that of the difference equation (3.4) . Then
Layer-adapted meshes
Now we apply Theorems 3.1 and 3.2 to two standard layer-adapted meshes for (1.1): Shishkin meshes [11, 14] and Bakhvalov meshes [4] . Results for other meshes can also be obtained, cf. [9] .
Shishkin meshes
The so-called Shishkin mesh is frequently studied. This is because of its simplicity-it is piecewise uniform. We describe it for problem (1.1). Let q i ∈ (0, 1), i = 1, . . . , 4 with q i = 1 and σ 1 , σ 2 > 0 be mesh parameters. We set 
for the second-order scheme (3.4); cf. [9] or [10] .
Bakhvalov meshes
A Bakhvalov mesh [4] can be generated by equidistributing the function
i. e., the mesh points are chosen such that
The quantities K i > 0 determine the number of mesh points used to resolve the two layers, while the σ i > 0 determine the grading of the mesh in the layer regions. An application of Theorems 3.1 and 3.2 yields
for the simple upwind scheme (3.1) if σ 1 , σ 2 1 and
for the second-order scheme (3.4) if σ 1 , σ 2 2.
For technical details the reader is referred to [9] or [10] .
Numerical results
In this section we verify experimentally our convergence results. Our test problem is taken from [13] :
Its solution is easily computed using, e. g., MAPLE.
Indicating by U N ε that the numerical approximation of (5.1) depends on both N and ε and by u ε that the exact solution depends on ε, we estimate the uniform error by 
The rates of convergence are computed using the standard formula r
. The results presented in Table 1 are in fair agreement with our theoretical results from Section 4.
NB. In our test computations we have in no way tried to optimize the parameters defining the mesh-we have merely ensured that the critical parameters σ 1 and σ 2 are chosen correctly: σ 1 = σ 2 = 1 for the first-order scheme and σ 1 = σ 2 = 2 for the second-order scheme. 
